Abstract. The classification of the Lie point symmetries of the nonlinear filtration equation gives the generic case and three special cases. By restricting to a special class of functions, we show that the Lie symmetries of the nonlinear filtration equation exponentiate to a global action of a solvable Lie group in the generic case and two of the three special cases. We show that the action of the Lie point symmetries cannot be globalized for the third special case.
Introduction
The use of Lie groups in the analysis of differential equations is a powerful tool that has been vastly studied in mathematics (c.f. [2, 3, 9, 10] and the references therein to mention just a few). Algorithms like the prolongation algorithm provide infinitesimal generators whose actions exponentiate to one-parameter local Lie groups (c.f. [10] ). However, it is well-known that these actions generally do not exponentiate to a global action of a Lie group. Therefore the tools from representation theory are not readily available to use as these apply mostly to global Lie groups. Nonetheless, M. Craddock discovered that by restricting to a special subset of the solution space of a partial differential equation, the local actions generated by its symmetry Lie algebra could be globalized (c.f. [4] ). In [5, 7, 8, 13 ] the globalization problem is solved by using the representation theoretic method of parabolic induction. Using this method spaces of solutions to the different partial differential equations are constructed. These spaces consist of smooth functions on which the actions of the Lie symmetries globalize. In all these cases the PDE's were linear. However, these constructions can be used in some nonlinear equations as well. Some examples can be found in [6, 11, 12] .
In this article we use induced representations of solvable groups to study the globalization problem for the the nonlinear filtration equation
with k ′ (v x ) = 0. The solution to its classification problem is well-known and readily available in [2, 1] . For the general case, the symmetry Lie algebra g is spanned by the following infinitesimal generators:
The algebra extends for
. The main goal of this article is to study the globalization problem for the local actions of the one-parameter groups generated by g and its extensions. For the generic case and for k(v x ) = e vx and k(v x ) = (v x ) n we successfully construct a space of functions on which the action of the symmetry group corresponding to each equation globalizes. When k(v x ) = e n arctan(vx ) 1+v 2
x
, however, we show that this is not possible to globalize the action of the one parameter subgroups on a non-trivial set of functions.
Generic Case
Consider the solvable group
and the subgroup
The induced representation associated to this character would be
This space carries the structure of a G 1 -representation, with the action of the group given by:
For the rest of this section let
Notice that the subgroup
Using this isomorphism, we can realize ϕ ∈ I 1 as a smooth map on R 2 by restriction of domain. That is, for
for some ϕ ∈ I 1 and for all t, x ∈ R 2 .
Then,
Proof. Notice that we can factor
Thus, by the definition of I 1 and χ 1 ,
So, the restriction map is a bijection and clearly linear, hence an isomorphism of vector spaces. Then, we define the action of
It is easy to check that this action makes the restriction map an intertwining map completing the proof.
An extra piece of information that we can obtain from the proof of this proposition is that given an arbitrary smooth function f (t, x) we can construct a corresponding ϕ ∈ I 1 . Therefore,
. Notice the assignment gives a Lie algebra isomorphism between g and Lie(G 1 ). Moreover, differentiating the action of the one-parameter subgroups generated by these elements of the Lie algebra according to (2.2) , gives the actions of X 1 , X 2 , and X 4 on I ′ 1 . However, the one parameter group generated by ξ 3 is the trivial group containing only the identity, but X 3 generates a one parameter subgroup isomorphic to R. Therefore, we need to modify the action of G 1 in order to obtain a globalization of the local action of the one parameter groups generated by X 1 , X 2 , X 3 , and X 4 . To do this, we will let θ 1 :
with g 1 defined by (2.1). It is straightforward to see that
So, θ 1 does not define an action of G 1 on I ′ 1 . However, we can still use θ 1 to define an action of G 1 on I ′ 1 that globalizes the action of g on I ′ 1 . To do this, we notice that
We then define γ 1 :
Using (2.4) we obtain
(2.5)
Before showing that this action globalizes the local action of the one-parameter groups generated by g we will write out the action explicitly. If g 1 ∈ G 1 is given as in (2.1), then
Proposition 2. The action of G 1 on I ′ 1 defined by γ 1 globalizes the local action of the one parameter group actions generated by the basis elements of g.
Proof.
With ξ 1 , ξ 2 , ξ 3 , and ξ 4 as in (2.3) and using (2.6) we calculate:
By taking the derivative at ǫ = 0 we obtain:
Now, it suffices to note that a vector field x) ) ∂ ∂v generates a one-parameter group G s such that its action on a function v(t, x) differentiated at s = 0 gives
(c.f. [10] ). This shows that the action of ξ i corresponds to the action of X i on I ′ 1 for 1 ≤ i ≤ 4 and concludes the proof.
Case k(v x ) = e vx
In this case the Lie algebra g is extended by the operator
). We will denote this extended Lie algebra by g 2 . For this case, we consider the solvable group 
with the G 2 action of left translation. Restriction of domain allows us to define
for some ϕ ∈ I 2 and for all t, x ∈ R 2 .
Then for ϕ ∈ I 2 we have,
As before, we can use this to show that
as vector spaces. In order for the restriction map to become intertwining, we define the action of
To globalize the action of the one parameter groups generated by g we define the map θ 2 :
As before, it is easy to see that θ 2 does not define an action of G 2 on I ′ 2 . However, we can define γ 2 :
Proof. Notice that
On the other hand,
Now, an identical calculation as in (2.5) replacing the subindex 1 for 2 gives the desired result.
The global action γ 2 of G 2 on I ′ 2 is given by
Proposition 4. The action of G 2 on I ′ 2 defined by γ 2 globalizes the local action of the one parameter group actions generated by the basis elements of g 2 .
Proof. Let ξ 1 , ξ 2 , ξ 3 , and ξ 4 be defined as in (2.3) and let Then, using Equation (3.2) we obtain:
This finishes the proof, as it shows that the one-parameter group generated by X i is the same as the one generated by ξ i for each 1 ≤ i ≤ 5.
In this case the Lie algebra g is extended by the operator [2] ). Denote this Lie algebra by g 3 . Now we will consider the solvable group and N 3 := N 1 . As in the previous cases, we define the character χ 3 :
and use it to induce a representation of G 3 in the standard way
Using the fact that
it is easy to show that I 3 is isomorphic as a vector space to
for some ϕ ∈ I 3 and for all t, x ∈ R 2 and that both are isomorphic to C ∞ (R 2 ). For the rest of the section let
We give I ′ 3 the structure of a G 3 -representation by defining the action of G 3 by
so that I 3 ∼ = I ′ 3 as G 3 -representations. The maps to obtain the globalization for this particular case are very similar to the ones in Section 2, thus most of the details will be omitted. Suffices to say that θ 3 : G 3 × I (exp(ǫX 7 ) · f )(t,x) = a cos ǫ − sin ǫ a sin ǫ + cos ǫx + b a sin ǫ + cos ǫ which is a linear function, provided a = − cot ǫ. So X 7 generates a local action on f , but it cannot be globalized.
